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TuRBULENTSKEARINGSTRESSXNTHEBOUNDARYLAYER

OFYAWEDFLATPLATES

By HsrryAshkenas

SUMMARY

Hot-wireanemometermeasurementsoftheturbulentshearingstress
ina turbulentboundarylayerona yawedflatplatesrepresented.Two
plateswithanglesofyawof0° md 45°werestudied.Measurementsof
theintensityof turbulenceweremadesimultaneouslywiththeshear
measurements,usinga techniquedevelopedby theauthor.Theexperi-
mentalprocedureisreviewedbrieflyandan attemptismadeto evaluate
theprecisianoftheresults.

Themeasuredvelocityprofilesareusedto calculatetheshear
distributionandtheresultis comparedwiththeresultof experimental
shearmeasurements.

Theunyawed-flat-platedataagreewe~ withcalculatedresults,
whereasthe4’5°dataareapparentlynotamenableto calculation.Some
speculativeremarksareincludedinan attemptto explainthediscrepancy.

INTRODUCTION

Theproblemoftheturbulentboundarylayerhas
ofaerodynamicistsformanyyears.Themathematical

engagedtheattention
difficultiesentailed

ina theoreticalanalysisof-theproblemhaveinevitablyledtoa strong
dependenceonexperimentalstudies.In orderto obtainanyinsightinto
theturbulentboundarylayer,it isnecessaryto consideras simplean
experimentalsetupaspossible.Thatis,problemsofthemechanismof
transitionandof thebehaviorofa two-dhensionalturbulentboundary
layerwithGutpressuregradientandsimilarfundamentalproblemshave
hadtobe attacked;thoughsome.oftheseproblemshavenotbeensolved,
at leastsomelighthasbeenthrownonthesubjectsothatmorecomplex
phenomenacanbe studied.It isnottoosurprising,therefore,to find
littleintheliteratureregardingthree-dimensionalturbulentboundary
layers,whenthetwo-dimensionalturbulent-boundary-layerproblemcan
scarcelybe considerednearsolution.
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Duringthepastdecade,however,someinteresthasbeenshownin
,., theproblemoftheturbulentboundarylayerona yawedcylinder,which

isprobablythesimplestthree-dimensionalcasethatmightbe considered.
4

Theimpetustothisinterestintheyawedturbulentboundarylayerwas
givenprimarilyby theworkofPrandtl(ref.1),Jones(ref.2),and
Sears(ref.3)whoshowedthatforthelaminarboundarylayerona
yawedcylinder,theboundary-layerequationsinthechordwisedirection
areindependentoftheflowalongthespan;thatis,theflowpasta
yawedcylinder~ be expressedintermsoftheflowatrightanglesto
thesamecylinder.“Simplesweeptheory”or “independenceprinciple”
aretwoofthetermsusedtodescribethisproperty.

Sucha simpleprincipleforyawedflowsisquiteattractivefrom
thepointofviewoftheturbulentboundarylayer.Unfortunately,the
applicabilityoftheindependenceprincipletotheturbulentcasecannot
be settledanalytically,sincetheshearlawisnotsimplenoraccurately
knownfora turbulentboundarylayer.Recoursehadtobe madeto
experiment.

Kuethe,McKee,andCurry(ref.4) conductedexperimentsusinga
yawedfinitewing. Measurementandanalysisofthevelocityprofiles
indicatedthatthechordwisevelocityprofilessgreedwiththeresults ●

ofa similsxmal.ysisforunsweptwings.Whentheyattemptedto calcu-
latethechordwisevelocityprofilesfromtheunswept-wingdata,however,

.—

theeqerimentalandcalculatedvelocityprofilesdfdnotagree. #

AltmanandHayter(ref.5) presentboundary-layerprofilesandflow
directionsforthecaseofa two-dimensionalwingat0°and45° angles
ofyaw,withtransitionartificiallyfixedneartheleadingedge.Although
AltmanandHayterconcludedthattheindependenceprinciplewasvalid,
Turcotte(ref.6) hasshownthatthesedatacanbebetterrepresented
by consideringthattheyawhasno effectontheboundary-layergrowth.
TurcottehasIncludedinhisanalysisa second-orderapproximationto
theboundary-layerequations,forthecaseofturbulentflow.This
approximationincludesfluctuatingvelocityterms’whichareusually
neglected.Turcotte’sanalysisoftheproblemincludedtheeffectof
pressuregradient;hefoundthatforappreciablepressuregradientsthe
growthoftheturbulentboundarylayerwasmostinfluencedby thepres-
sureterminthemomentumequations.Thus,almostanyreasonableesti-
mateofthewallshearwouldgivea resultinfairagreementwitha
measuredgrowthlaw. YoungsadBooth(ref.7), withouttheoretical
~ustification,appliedtheindependenceprincipletotheturbulent
boundarylayerandcomparedtheircalculationswithmeasurementsofthe
dragofa flatplateequippedwitha leading-edgetripwireat several
anglesofyaw. Theyalsomeasmedtheboundary-layerprofileatone
stationontheplate,againforseveralanglesofyaw. Theirexperimental
resultstendedto confirmthevalidityoftheindependenceprinciplefor
theturbulentboundarylayer.Unfortunately,theexperimentalsetupand A

Y
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techniquesusedwerenotdescribed@ sufficientdetailto enablean
estimatetobemadeofthereliabilityofthisimportantresult.

Accordingly,AshkenasandRiddenundertooktheexperimentalprogrsm
describedinreference8. Measurementsweremadeonthreeyawedflat
plates,withanglesofyawof0°,30°,and45°. A sandpaperboundary-
layertripwassffixedtotheleadingedgeofeachplate,andmeasurements
weremadeoftheboundary-layergrowthaswellas oftheflowdirection
intheboundsrylayer.Theseexperimentsindicatedthatthegrowthof
theturbulentboundarylayerona yawedflatplatecouldnotbe computed
usingtheindependenceprinciple.Infact,theeffectofyawwasinthe
oppositedirectionto thatpredictedby theassumptionoftheindependence
principle.

Thepresentinvestigation,then,hashadas itsprimarypurpose,
theexplorationoftheresultsofreference8. To thisend,detailed
measurementsoftheturbulentshearing-stressdistributionshavebeen
madeintheboundarylayersofthe0° and45°plates.Theinstrument
chosenforthebulkoftheexperimentswas,ofnecessity,thehot-wire
anemometer.Priorto embarkingonthepresentinvestigation,an
intensiveprogramofdevelopmentofa methodforobtainingreliableshear
readingsfromanX-typehot-wireanemometerwasundertaken.Theresults
ofthisprogramarepresentedinreference9, in whicha techniqueof
calibrationandcalculationisdescribedthatappearsto givereliable
results.

Theinvestigationwasconductedat CornellUniversityunderthe
sponsorshipandwiththefinancialassistanceoftheNationalAdvisory
CommitteeforAeronautics.Theauthorwishesto expresshisappreciation
toProfs.W. R. Sears,Y. H.Kuo,andN. RottofthestaffoftheGraduate
SchoolofAeronauticalEngineeringfortheirinterestandmanyvaluable
discussions.Messrs.J. Cassidy,M.Fiebig,R. Hunt,andK. Tobaassisted
incarryingouttheexperimentalprogramandtheircontributionsare
gratefullyaclnmwledged.

SYMBOI.S

c intercept,lawofthewall,5.1

e instantaneoushot-wirevoltage

H = 8*/6

i current
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free-streamdynamicpressure,; PU12

hot-wireresistanceinheatedcondition

hot-wireresistanceatambienttemperature

meanvelocitycomponentsin ~,qyz coordinates

free-streamvelocity

frictionvelocity,f=

instantaneousvelocitycomponentsin E,TI,Zcoordinates

distancefromleadingedge,lawofthe wall

boundary-layer

bound~-layer

boundary-layer

thickness,definedby(5*U~UT)IC/(1+Y()

displacementthickness,~’ (1 -U/u.)*

momentumthicknessJ’ Upl(l - U,u.)dz

slopeoflawofthewall,0.4

angleofyawofflatylate

absoluteviscosity

kinematicviscosity

coordinatesystemdefinedinfigure13

virtualoriginofturbulentboundarylayer

wakeprofileparameter,lawofthewake

airdensity

autotalshearingstress,v — + pm
az

shesringstressatwall

—

.

.,
.

w-
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‘? angleofyawofhotwire
b

CD wakeprofilefunction

A primedenotesroot-mean-squarevalue.

Exl?ERIMENTALEQ~ AND

5

A bsrdenotesa meanvalue.

ME?rEoDs

Theunyawedplateandthe45°plateofreference8 wereusedfor
theseexperiments.A l-inchstripof sandpaper~ inchfromtheleading

edgewasusedasa boundary-layertrip,as inreference8. Theplates
wereinstallednearthebeginningofthe6- x 3- x ~-foottestsection
ofthelow-turbulence,low-speedwindtunneldescribedInreference8.
Inallrespects,thetestconditionsofreference8 were duplicatedas
closelyaspossible;partofthesidewallofthetunnelwhichhadbeen
removedfortheearlierexperimentsontheunyawedplatewasreplaced
forthetestsonthe45°plate.Thiswallwasnotremovedwhenthenew
measurementsweremadeontheunyawedplate.Asidefromt~is,the
experimentalenvironmentwasthesameasthatofreference8.

All measurementsreportedhereinweremadeata constantvalueof
theReynoldsnuniberper”foot,forexample,U1/v= 250,000.Thedaily
variationofatmosphericpressureandwind-tunneltemperaturewas
compensatedforby variationsinthetunnelvelocity.Thiscompensation
isby nomeanstrivialforthisparticularwiudt~dj thetunnelair
temperaturevariesfroma wintertimelowof20°F to a summertimehigh
of 110°F.

Thepressuredistributionontheplateswasdeterminedfrcxnstatic-
pressureorificesintheplatesthemselvesandalsofroma static-pressure
probetapedtotheplateat variouspositions.Staticpressureswereread
onanalcoholmanometerequippedwitha microscopeandreticlehavinga
leastcountof0.001inch.

Meanvelocityprofilesweremeasuredwitha flattenedhypodermic-
tubingtotal-headprobe.Traversingthroughtheboundarylayerwas
accomplishedby meansofthemechanismshowninfigure1 (Mr.R. Hunt
designedthetraversingmechanism).Themechanismfeaturesa micrometer
adjustmentfortranslatingtheprobethroughtheboundarylayer,aswell
as a micrometricangularpositioningdevice(forangularrotationinthe
horizontalplsae)togetherwitha simpleprotractorforverticalrota-
tion. Thetraversingheadispicturedinworkingpositioninfigurel(a).
Theactuatingmechanism,mountedoutsidethewindtunnel,isshownin
figurel(b).Themethodofdeterminingthezeropositionofthe

.

.
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total-headtubeisdescribedinreference8. Theremsrksinreference8
concerningthevariousmanometersusedapplyhereaswell. u

ThezerosettingofthetraversingmechanismwithanX-meterin
placewasaccomplishedby meansofa simplescalemeasurementfromthe
wallto thehotwire. Usinga steelscale,withl/50-inchgraduations,
thepositionofthecenteroftheX-metercouldbe determinedtotithin
N.00~ inch.SincetheaerodynamiccenteroftheX-meterwasunknown,
therewasnopointinattemptingto locatetheprobewithanymore
accuracy.Thisproceduregivesriseto a possiblepositionerroras
thewallisapproachedandwillbe discussedlater.

Allboundsry-l~ertraversesweremadeintwophases.A seriesof
pointswasmeasuredthroughtheboundarylayerandthena secondseries
ofpointsbetweenthefirstsetwasmeasuredto completethetraverse.

A completeanddetaileddescriptionofthehot-wireanemometry
equipmentandthemodeof opera:ionhasbeengiveninreference9. For
easierreference,a briefr&ume ofthisreportwillbe includedhere.
Thehot-wireprobeitselfisof conventionalaspect.Four-holeceramic
tubing,protectedby a brasstube,cariescopperwiresolderedto
no.10 sewingneedleswhichinturnsupportthejeweler’sbroachesto
whicha O.0001-inchwireof10percentrh&iunend90percentplatinum
issoftsoldered.Flexible-wireleadsfromtheprobeareconnectedat
theplatesmfaceto theWheatstonebridgecables.Thisconnectionis
visibleinfigurel(a).ThelengthoftheX-meterwiresvariedbetween
0.050and0.010inch.No effectof lengthwasnotedintheresults;
hence,allthemeasurementsreportedhereareuncorrectedforthefinite
lengthofthewire.

Theelectronicequipmentusedwasagainof conventionaldesignand
requiresno lengthydescription.It isonlynecessaryto saythatthe
completesetupentailstheuseofa square-wavegeneratorfordetermining
thetimeconstantofthewire,a Wheatstonebridgeandassociated
switchingdevices,a singleresistance-capacitancecompensatedamplifier
withdifferentialinputandsingle-endedoutput,a 10-kilocyclefilter
forrestrictingthebandwidthoftheamplifier,anda balancedtriode
neteringcircuitwitha vacuumthermocoupleasdetector.

Theprincipslmeasurementstobe madeintheoperationandcali-
brationofthehotwireincludedirect-cu&entresistances,currents,
andvoltagesandalternating-currentvoltages.Resistancemeasurements
aremadeby meansoftheWhetstonebridge;directcurrentsandvoltages,
by meansofa LeedsandNortlmup.K-2potentimneter;alternating-current
voltagesaredeterminedby matchingthehot-wireoutputonthethermo-
couplemicroammeterwitha knownalternating-currentvoltagesupplied
by a sine-wave-generator—GeneralRadioMicro-voltercombination.

—

.

“

—

—

.

.
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X-MeterTechnique
*

Thetechniqueof calibrationandofdatareductionfortheX-meter
wasthatreportedinreference9. Briefly,themethodconsistsof
consideringthevoltagefluctuationofa yawedhotwireasbeingmade
up oftwolinearcomponents,thatis,fora two-wiremeter,as shownin
thefollowingequations:

ael

1

ael
el=u—

au
+w—

aw
(1)

e2.U*+W*J——
To determinetheshearstress,e12~ e22,and(el- e2)2 sremeasured,

.— ,

.

givhg

*“

()—&2*
+w2—aw

(2)

Ifthewirevoltagesandthestaticderivativesareknown,theforegoing

setofequationsmaybe solvedforthethreeunknowns,u*, ~, and

>, givingtheturbulentsheewingstressshuultaneouslywiththeintensity
measurement.Thestaticderivativesaredeteminedforeachwire(and,

1 Thecalibrationprocedureisincidentally,eachrun)by calibration.
dividedintothreeparts.Theseare:

%heuse of separateu and w calibrationsforanX-meterwas
firstsuggestedtotheauthorby ProfessorS. CorrsinoftheJohns
HopkinsUniversity.
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(1)Direct-currentwirevoltageagainstangleofyaw T forfixed
airspeed.A seven-pointtraverseismadeinequalincrementsabouta u
zeroposition.ThemethodofEhrich(ref.-10)isusedto fita least-
squareparabolatothedataandthederivative~a ae

M by
()

isdetermined.

u

(2) Direct-currentwireresistanceagainstairspeed,forquasi-
constantcurrentoperation;thatis,Ruetenik’s“handsoff”method
(ref.11)isusedto approximatethedynd”ccharacteristicofthewire.

AKing’slawplot R/(R- Ra) against@ ofthesedatagives~. —

(3)Directwirecurrentagainstai$speed.A straight-lineapproxim-
ation tothesedataismade,giving

%“

Parts(2)and(3)takentogethergive

.
.

Inpractice,allwireswerecalibratedbothbeforeandaftereach w
run* Inveryfewcasesdidthewirecalibrationschangeappreciably,
althoughrunsofup to 6 hoursdurationwerefrequentlymade. It iS
believedthatthisconsistencyof calibrationisprlmsrilydueto the
lackofdustintheairstream,whichinti.imisa consequenceofthe
screeninstallationatthecontractionentrance.A 50-meshstainless- “-
steelscreenservesasanefficientdustcollector.

.
Theauthorbelievesthatthemethodofreference9 hasseveral

advantagesoverothermethodsof shearmeasurement.Chiefamongthese
isthefactthatno assumptionismadere-&rdingthecoolinglawofthe
hotwire. Nohot-wirematchingtechniqueisnecesssry.Theorientation
ofthe X withrespecttothemeanflowneednotle known,sincethe
neteriscalibratedsndthemeasurements‘aremadewiththewireinthe
saneposition.Theshearismeasuredsimultaneouslywiththeturbulence.
intensities.

Theprimarydisadvantagesofthemethodlieinthelengthof cali-
brationtimeandinthefactthatthreesimultaneousequationsmustbe
solvedtoreducethedata.Theuseofhigh-s~ee~digftalcomputing
equipmentgreatlylessensthelaborinvolvedinthislatterdisadvantage.
Thiswasthecaseforthedatathatwill%epresentedlater.Equa- —.
tions(2),foreachrun,weresolvedby meansofthecardprogrammed —
cocq’~terof theCornellComputingCenter. ..—.—

.
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Theaccuracyofthemethodisillustratedby theresultsofrefer-
ence 9, wherethemeasuredturbulentshearingstressina circulsrpipe
iscompsredto thevaluecomputedfromthepressuredropalongthepipe.
Theexperimentalaccuracy,closeto thewall(themostcriticalregion)
wasoftheorderof*1Opercent.Awayfromthewall,theaccuracy
improvesto about*5. Someoftheresultspresentedinthisreportshow
single-pointdeviationsgreaterthanthosementioned;theseappeartobe
theresultofundetectederrorsinthemeasurementsand/orthedata
reductionandshouldbe consideredaccordingly.In orderto achieve
theseresultsgreatprecisionisrequiredinthemeasurementofthe
calibrationconstants.An e~ tionoftheordersofmagnitudeinvolved
inequations(2)reveslsthatineachofthethreeequationsthesheer
termisthesmallest,sothat,effectively,theshesrmeasurementssre
smalldifferencesbetweentwolsrgenumbers.As anexsmpleofthepre-
cisionrequired,itwasfoundthata ~-percenterrorinthe

%
term

resultsina 10-percenterrorinthemeasuredshear.Thus,inthe
experiments, rallrunsinwhichthemeasuredslopesofthecurvesof U
againstRI(R- Ra) chmgedby morethan3 percentfromkginningto
.endofthecalibrationwerediscarded.Similsrconsiderationsapplyto
thecalibrationconstant~. Considerablymoredataweretaken,there-.

fore,thanme presentedhere. Onlythosedatawhichshowedconsistency
.-d in calibrationandresultwereretained.

~ RESULTSANDDISCUSSION

PressureDistributions

Thepressuredistributionsalongtheplatesintheregionswhere
profilemeasurementswere tslsenareshowninfigures2 and3. Figure2
givesthedistributionforthe0°plateandfigure3 that forthe45°
plate.Itwillbe notedthatthepressuredoesnotvaryby morethan
Alpercentof ql,thefree-stresmtotalhead,overalmosttheentire
plate.Thesemeasurementswererepeatedduringthecourseof the
experimentsinorderto insurethattheflowconditionshadnotchanged.

Hot-WireAnemometerResults

Infigures4 to9 theresultsofthemeasurementssrepresented.
Theunyawedplatewasstudiedatonlythreestations,24,36,smd
47 inchesfrontheleadingedge(theplatechordis~ inches).In
fQure 4, u’/U and U/Ul sxeshownforeachofthesethreestations.

.

.
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Theterm u’/U isderivedfromtheX-meterdata;theterm U/Ul is
derivedfromPi’tottubemeasurements.Figure5 depictsthe w’/U dis-
tributionsas calculatedfromtheX-meterdata,whilefigure6 presents
theshearing-stressresults.

Forthecaseofthe450-yawedplate,sixstationswerecompletely
surveyed.Thesewereat8,24,36, 44, 54, and66 inchesfromthe
leadingedge(measuredina streamwisedirection).Againthechord
oftheplateis4 feet,butthestreamwiselengthoftheplateis
approximately71 inches.b a similarfashiontothatforthe0°plate,
figures7, 8, and9 show $ and ~, ~, and ‘~ respectively,for

U1 U,2’

theplatewithleadingedgeyawed45°.
L

Ineachofthefigures,theresultsofat leasttworunsaxepre-
sented.Forthe45°plateeachrunrepresentsdatatakenwitha different
hotwire,generallyat a differenttemperature(theheatingcurrentsused
rangedbetween20 and

Thedataforthe
wire(thisrepresents
tworunsweremadeat
result.

Twomethodswere

25milliamperes)andat.adifferentorientation.

unyawedplatewerealltakenwiththesanehot
about40hoursoftunnelrunningtime),butagain
eachstation,totestthereproducibilityofthe

usedto calculatethevalueofthetotalshearat
thewall. Therateofmomentum-thicknessgrowth,wasmeasuredfromthe
logarithmicplotsoffigures10and11andthewallshesxwascomputed
fromtherelation

Thewallshearwasalsodeterminedby

.=

.

.-

_ ‘w
Flula

fittingthemesmvelocityprofile
to thelawofthewallofreference12 (seefollowingsection):‘The
valuesdeterminedby thesetwonethodsme shownonfigures6 and9. —
The symbol0 referstothe ~$/a(50+ ~) calculationandthesymbo~*,
tothelawof thewall.

~oles’?reatmentoftheTurbulentBoundaryLayer

Inordertodiscusstheresultsof-theshearing-stressmeasurements
itwillbe instructiveto considerfirstthe-meanvelocityprofilesin
thelightoftherecentworkofColes(refs~-12and13).

——

.

.
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Inreference12,Coles,followingPrandtl,presentsthelawofthe
wallfortheturbulentboundarylayeras a universalfunctionforthe
flowpasta mooth surface.Bymeansofan exhaustivesnalysisofthe
meanvelocitymeasurementsofmanyinvestigators,he hastentatively
arrivedattheform

asa universalvelocityprofilecloseto thewallwhere UT isdefined
asthefrictionvelocityandisequalto ~~P. Forvaluesof zU,/V
lessthanx theviscousshearpredominatesandtheassumptionofa
linearvelocityprofileinthisregion@lies that U/UT= zU~/V.In
reference12,tsking~ = 0.4 and C = 5.1,Colespresentsa convenient
tableofthelawofthewallandrelatedfunctions.Giventhelawof
thewall,it isthenpossibleto determinethewallshesringstress
merelyby fittinga measuredvelocityprofiletothetabulateddataof
reference12. Inordertobe ableto specifythecompletevelocity
profileoftheturbulentboundarylayer,Coles,inreference13,proposes
an additionalfunctiontobe addedtothelawofthewall. By con-
sideringthedeparturefromthelawofthewallofthemeanvelocity
profilesof severalinvestigationsh widelydifferingflowenvironments
Colessrrivesat a universal“wakefunction”of z/8,sothatthecomplete “
boundary-layerprofilemaybe specifiedby theequation

wherem(z/b)representsthewakeprofile,a tabulationofwhich,
togetherwithvariousrelatedfunctions,isgiveninreference13. The
symbolx isreferredto as a profileparsmeterandrepresentsthe .
mount ofthewakefunctionwhichmustbe addedto thelawofthewall
to obtaina givenvelocityprofile.Thus,ifthetabulatedfunctions
ofreferences12and13aretrulyuniversal,itshouldbe possible,by

‘1a suitablechoiceof theparameters— and Z,tofitalmostanygiven
UT

two-dimensional,incompressible,turbulent-boundary-layervelocitypro-

file. Oncethevaluesof 2 and z havebeenestablished,a com-
U=

pletelyanal@icformofthemeanvelocitydistributionisavailable
forinsertionintotheboundary-layerequationsofmotionforcalculation
of theshesring-stressdistribution.
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Infigures11end12,themeanvelocityprofilesmeasuredduring
thecourseofthepresentinvestigationared&pictedinsemilogarit~c

Zu
plots,usingthecoordinates~ againstlog~. FigureW(a) gives

UT
theresultsforthecaseof A = 0° andfigure12(b),theresultsfor

A = 45°. Thevaluesof u~ whichwereusedinylottingthesedatawere
UT

determined,asdescribedabove,by fittingthedatatothetabulation
ofthelawofthewallinreference12. Thelawofthewallisshown
by thedashedlineinfiguresI-2(a)andY2(b).It iSseenthatthefit
forboththeyawedandunyawedplatesisquitegoodintheregionof
validityofthelawofthewall. Thedeparturefromtheuniversalcurve
intheviscousregionclosetothewallispossiblyduetotheinfluence
oftheturbulencelevelonthePitottubemeasurements(themeasurements
areuncorrectedforthiseffect)orRerhapsisdueto a positionerror
inthemeasurementofthedistsmcefromthewall. NO correctionwas
madeforthedisplacementoftheeffectivecenteroftheprobeinthe
steepvelocitygradientnearthewall. Thepointswhichdepertfrom
thecurveareallwithin0.0U2inchfromthewallandarehighly
susceptibletopositionerror.It shouldbe noted,however,thatthis

.

departurefromtheuniversa3curveis inoppositedirectionsforthe
yawedandunyawedplates. d

Inadditiontothelawofthewall,thedatashowninfigures11
and12arealsofittedto Coles’lawofthewake,usingthetabulated
valuesofthewakefunctiongiveninreference13. Thevaluesof m

alld~ whichwereusedinthisfittingproceksaregivenintable1,
u-f

togetherwithotherpertinentboundsry-leyerperimeters.Thewakeprofile
isshownbythesolidcurvesoffigures12(a)and12(b).

AlthoughColesmekesno claimthatthetabulatedfunctionsofrefer-
ences12and13maybe fittedto a“yawedboundery-l~erprofile,itis
seenfromfigures12(a)and12(b)thata remarkehl.ygoodfithasbeen
obtainedforboththeyawedandunyaweddata.

UsingthedataoftableI,theanalyticrepresentationofthemean
velocityprofilehasbeenused,togetherwiththeboundary-layerequa-
tionsofmotion,to computetheshearing-stressdistributionasoutlined
by Colesinreference13. Thesecalculatedprofilesereshownasthe
solidcurvesoffigures6(b),9(b), 9(d),end9(f).

Infigure6(b),theagreementbetweenexperimentalandcalculated
valuesoftheshearstressisquitestriking.Thefigurepresentsan
effectivesrgwnentforColes’approachtotheproblemof calculating
theturbulentshearingstressonanunyawedflatplate. .

.
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Themeasuredshearprofilesfortheyawedplatepresenta different. pictuxehowever.An examinationof.allthecomponentsoffigure9 reveals
a peculisrbehavioroftheshear-stressprofilescloseto thewall. In
particular,thedataatthe36-,~-, and5k-inchstationsexhibita
noticeablemaximumintheshearata pointabout0.758*awayfromthe
wall. Thesemaximacanbe clearlyseeninthedataofalltherunsthat
arepresentedherein;thessmequalitativebehaviorexistedinrunswhich
werediscsrdedforpoorcalibrations.Infigure9(d).at~ = U inches,the
calculatedcurveoftheturbulentshearstressis comparedwiththeexper-
imentalpoints.Althougha maximumdoesexistinthecalculatedcurve
duetothesubtractionoftheviscousshearfromthetotalshear,it is
seenthattheagreementbetweenexperimentandcalculationisnotnearly
sogoodas it isinthecaseoftheunyawedplate.Thesameistruefor
theconrparisonsshowninfigures9(b)and9(f)at E = 24 and66 inches,
respectively.Calculationandexperiment,whilenotinstrongdisagree-
ment,sresufficientlydifferentsothatoneseeksthereasonforthe
dispsxity.

RemarksontheShearDistributionCalculation
● Inreference13,Coleshasconsideredtheproblemofthel.mundary

layerona yawedwing(usingthedataofref.4). Inthecasetha~he
* hastreated,however,considerableflowdeviationfromthemeanstream

wasmeasured,makingitnecessarytotreatthewakeandwallcomponents
oftheboundarylayerasvectorcomponentsinsteadofas scalars.As
showninreference8,however,thepresentcaseisoneinwhichthe
maximumflowdeviationfromthefree-stresmdirectionwasoftheorder
of3°andisthusa negligiblefactor.A furtherargumentinfavorof
a scalaradditionofthewallandwakecomponentsforthepresentdata
isgivenby theagreementnotedinfigure12(b].

A possibilitywhichmustbe consideredisthattheequationof
motionusedby Colesin calculatingthesheerstressneglectscertain
termsthatmaybe ofnonnegligiblemagnitude.Thispropositionhasbeen
investigatedby Turcotte,reference6,whomadetheboundsry-lsyer
approximationtotheequationsofmotionincludingsecond-orderterms.
Inthecoordinatesystemshowninfigure13,Twcotte’sequationof
motionforzeropressuregradientis

for
.

Thisequationisthesameastheusualboundary-layerform,except
thetwoadditionaltermsontheright-handside.Duringthecourse
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madeinaneffort .

Thesemeasurements“arenotpresentedhereindetail,sincethere
somequestionastotheirvalidity.Theresultsindicatedthat ~

wasquitesmall,oftheorderof~ ~.
4

Thelossofaccuracyinthe

measurementduetothesmall~ signalwasenoughtomaketheexperi-
mentalscatterexcessive.Nevertheless,ifiorderto givesomeideaof
theorderofmagnitudeoftheterm,figue 14 showstheresultsofthese
preliminaryandsomewhatquestionablemeastiements.Infigure14,the

/valueof ~ U12 at z = 0.172inch (whichisequalto 8* forthe
data~ inchesfromtheleadingedge)inthe45°yawedflatplateis
shownasa functionof ~,thedistancefromtheleadingedge.

~~il~~;)’!. 10

Thevalues
~ d~givedfromthestraightlinedrawnthroughthese

. perinch.Thismaybe comparedwiththevalueof
a(w/U12)/azat.thesamedistancefromthewallevaluatedfromthe
measurementsat ~ = 44 inches.Thisvalue,alsonotedonfigure14,”
isseentobe -7.75x104per inch.The ~ term,fromthesedata,is”
apparentlylessthan1 percentofthe ~ termanditscontribution
althoughintherightdirection(i.e.,tobe subtractedfromthetotal
sheartogive ~w)isindeednegligible.

—

.—

.—

.

v

—

(T, 2)Alsoshowninfigure14 isthequantityu U1 as a functionof
~atz= 0.172inch.Thiscurveis,forallpracticalpurposes,a

()/
horizontalline,indicatingthat a ~ ~~ inTurcotte’sequationis

U12
alsoofsmallimportance.

.1

—

Thequestionremains,then,astothediscrepancybetweenexperi-
mentandcalculation.Thedifficultyof advancinganyconvincingremarks
concerningtherelationshipbetweentheexperimentalresultsandthe
calculationsliesinthefactthat,giventhecorrectvelocityprofile
andassumingthatno importanttermshave-beenneglectedintheequations ‘
ofrmtion,thecalculatedresultmustbe thecorrectone.

On theotherhand,thequestionarisesasto justhowsensitive
thecalculatedsheardistributionisto smallchangesinthevelocity
profile.Whilemakingthecalculationsoftheshesring-stressdistri-
bution,theauthorwasstruckby thefact”thattheendpointsofthe

u~
shearcurvearefixedby thevalueschosenfor ~ and 6,andthe

T
speculationarosethatperhapsanyreasonableformforthevelocity
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profilewouldgivegoodresultsfortheshear,providedthevalueschosen
. u~

for ~ and 5 werecorrect.Inordertotestthishypothesis,a
T

l/7th-power-lawvelocityprofilewasassumed;thatis,

u ~ 1/7

()
—=.
‘1 5

Usingthisprofile,thegrowthlawoftheboundarylayer(see,for
instance,ref.14)is

Theequationsofmotionforthecaseofzeropressuregradientare

sothat

M’zd.=Jzp-(Lzi@q~
Thetermsin thisequationmy be evaluatedfromthevelocitypro-

fileandgrowthlawtogive

‘W-T— =
9 ($”(+)’”(o.037)~~

PU12
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Thisequationwasevaluatedforthestation44 inchesfromtheleading
edgeofthe45°yawed@ate. Thevalueof U~UT givenby thelawof .
thewall(asshowninfig.12)wasusedtodeterminethewallshesr,
Tw“ Valuesof 8 and ~ werechosensoastoforcetheshearcurve
to approachO atthesamevalueof Z/G* asdoestheColescalculation.
Theshesrcurvecalculatedinthisfashionisshowninfigure8(d)as
thedashedcurve.It isseenthatthedifferencesbetweenthisresult
andthatoftheC!olesmethodme quitesmall.Thevelocityprofile,
usingthel/7th-powerlaw,iscomparedwiththeexperimentalpointsand
thelawofthewall(law-of-the-wakeprofile)infigure15. Thefitis
notnearlysocloseasthatofthewall-walgeprofilebut,as stated
previously,oncetheendpointsoftheshearprofilehavebeenfixed,
almostanyreasonablevelocityprofilewillresult inthecalculation
ofa reasonablesheardistribution.

Thisstateofaffairshascharacterizedthesemlemplricalcalcu-
lationofturbulentboundarylayerssincethefirstcalculationsbased
onthemixing-lengththeoryappeared;thatis,calculationsbasedonthe
meanvelocityprofilearerelativelyinsensitive.A mOrefundamental
quantityistheturbulentshearingstress,andanunderstandingofthe
basicphenomenarelatedto itmustexistbeforeanypreciseconclusions .
canbe drawn.Asthesituationistoday,therearefewreportsinwhich
reliableturbulent-sheaing-stressmeasurementsarepresented.It isto
be hopedthatfurtherresearchwillresultindata,which,aftersearching ~
analysis,willyielda workablesemiempiricaltheoryofturbulentshear
flows.

Forthepresent,thereisstillthequestionofthebehaviorofthe
experimentalshearprofileclosetothewall,sinceneithermethodof
calculationoftheshearprofilepredictsthebehaviorillustrated.It
ispossiblethattheassumptionsmadeinwritingtheequationofmotion
wereincorrect.Thedeparturesfromtheseassumedconditionsare
relativelysmall:

(1)Theflowisnoteverywhereparalleltothefree-streamdirec-
tionwithintheboundarylayer.

(2) Thereisa small,butnoticeable,differenceintheassumed
velocityprofileclosetothewall.

(3)Sometermsintheequationsofmotion,whichmaybe appreciable,
havebeenneglected.

Itmaywellbe thatthedifferencesshowninfigure9 sredueto
a combinationoftheeffectsofthesethreepoints.Theonlyother
sourceoferrorwhich”comestomindisthatoftheexperimentalenviron-
mentinwhichthemeasurementsweremade.Thatis,themeasurements

.

.
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maynotactuallyhavebeenmadeina fullydeveloped,two-dimensional,
. turbulentboundarylayerwithzeropress&egradi&t_.Thequestionof

two-dimensionalityhasbeendiscussedinsomedetailinreference8.
Forthe4’5°plate,thecurrentlymeasuredgrotihof 5* agreeswith
thatpresentedinreference8; sincethetwo-dimensionalityoftheflow
inthelattercasewascheckedquitecarefully(measurementsof 3UV,
thecrossflawmomentumthickness,indicatedrelativelylittlenetcross-
flowmcmentuminthetestregion),it isassumedthatthessmeconditions
prevailedinthepresentcase.Thepressuregradientoffigure3 would
indicateno difficultyconcerningthatassumption.As forthefully
developednatureoftheboundarylayer,theagreementbetweenthemeasured
meanvelocityprofilesandColes’law-of-the-wallprofile(whichwas
derivedfroman examinationofmanyfullydevelopedturbulentvelocity
profiles)impliesthatthepresentprofilesarealsothoseof a fully
developedturbulentboundarylayer.

Onefurtheravenueof speculationisopen.Thisisthequestionof
theeffectofyawona boundsry-layertrippingdevice.Certainlyit is
withintherealmofpossibilitythattheyawedsandpaperproducesa
differenteffectthanthatoftheunyawedsandpaper.Itmaybe,for
instance,thattherecoveryof theshearprofilefromtheeffectsofa.
yawedtripisaccomplishedmoreslowlythanit isfortheunyawedsand-
paper.Thisbehaviorwouldexplaintheresultswhichwereobtained.

~ Unfortunately,no experimentaldataonthisquestionsreavailable.The
onlysystematicstudyofartificialthickeningdevicesisthatofKlebanoff
andDiehl(ref.15)andthatdealsonlywiththeunyawedturbulentboundary
layer.Theproblemisan importantone,whichbearsfurtherinvestiga-
tion,forifthetechniquesforartificialthickeningoftheboundary
layercannotbe usedat largeanglesofyaw,thenthepresentproblem
maybe,forallpracticalpurposes,insolubleexperimentdQ.Without
suchdevices,itwillbe difficulttoproducea fullydevelopedturbulent
layerhavingtherequiredtwo-dimensionalcharacterwithinthelength
limitationimposedby theinterferencefromwind-tunnelwalls.

CONCLUDINGREMARKS

Theturbulentboundarylayersontwoflatplateswithanglesof
yawof0° andk5°havebeenexaminedextensivelyby.meansofhot-wire
X-meteranemometry.Themeasuredshearing-stressprofileshavebeen
comparedwithvaluescalculatedfromthemeanvelocityprofileusing
theresultsofColes.Agreementbetweencalculatedandmeasuredvalues
oftheshearingstressontheunyawedplateisexcellent.Calculated

.

.
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andmeasuredvaluesoftheshearingstress fortheplateyawed45° reveal
a small butsystematicdeviationwhichcannotbe readilyexplained.

CornellUniversity,
Ithaca,N.Y.,October5,1956.

.

“
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TABLEI

SUMMARYOFBWNDARY-LAYERPAMMETEW

r 1Obtainedfrommeanvelocityprofiles
1-

A, degk,in.E.+ 5,
in.
(a)

o 24
0 36 :;

47 56
4;
45 2: ;;
45 36 45
45 44 53
45 ~ 63
45 66 75

w
o.112

.1375

.166

.070

.109

.l%

.1725

.205

.228

0.078
.098
.I-21
.049
.080
.111
.327
.145
.165

1.44
1.40
1.37
1.43
1.36
1.39
1.36
1.41
1.38

J

m5,in.U@
0.734
.856

1*KA
.472
.~z

1.046
1.093
1.387
1. 52c

23.11 0.410 0.322
‘23.98 .435 .435
24.36 .465 .406
21.45 .28 .160
22.75 .28 .189
24.12 .42 .39
24.56 .438 .438
24.% .47 .398
25.5 ●53 .5=

ho= 9 inches;seereference8.
b~ = (,*U1/IJT)/(1 + m);seereference13.

cu@ obtainedby fittingthemeanvelocityprofileto lawof
thewall;seereference12andfigures12(a)and12(b).

‘II obtainedbyfittingthemeanvelocityprofileto lawofthe
wake;seereference13andfigures12(a)and12(b);U1 s 45 ft/sec.

‘Z obtainedfrmnequation(17),reference13whichis

ul w-u~
21T- loge(l+sd= KF- logey-- Kc + loge~

T
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L-57-4893

(a)Travers@ headviewedfromworkingsideofplate.

Figurel.-Travers@mechanism.
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Figure1.-Concluded.
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Figure2.-Pressuredistributionalongcenterline.Re= 25Q,000per
foot;A = O°;\l/4-inch-dismeterstaticpressureprobe1 inchfrom
platesurface.

&
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0

-.91
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-.*

-.0so 10 20 30 +0 so 60 70
Skrewnuhe dk+ancc -ftoimleadim~ +e , In

Figure 3.- Pressure distribution 10 inches above center line.
Res 250,000perfoot;A = 45°; l/16-inch-dismeter static
pressure probe 1/4 tich from plate suzface.

.
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Figure4.-Mean

inch;t9= 0.078inch;measurementstaken24 inchesfrom
leadingedge.

velocity andlongitudinal turbulence intensity. A = OO;
Re = 25Q,000perfoot.
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Figure4.-Continued.
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(c) 5*= 0.166 inch; $ = 0.121 inch; measurementstaken 47 inches from
leading edge.

Figure4.-Concluded.
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